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Abstract
Firm modules over a nonunital ring are introduced by Quillen to study properties of Morita invariance
extending thus the case of unitary rings. In the present paper we introduce new homology groups in the
category of firm modules which are preserved under Morita equivalences in very general terms. We see that
there are long exact sequences of homology attached to certain morphisms of firm modules. Our arguments
are based in Quillen’s small object argument.
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1. Introduction
Nonunital rings appear naturally in K-theory and in various homology theories when study-
ing short exact sequences of rings and their corresponding long exact sequences of homology.
One of the problems that arises in the case of nonunital rings is the choice of the appropriate
category of modules that generalizes the case of unital rings. Two possible choices are the cate-
gory of firm modules (modules M such that R ⊗R M ∼= M) and the category of closed modules
(modules M such that M  HomR(R,M)). These two categories are equivalent when the ring R
is idempotent, i.e. R2 =R. For these categories we will consider the Morita equivalence studied
in [6].
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theory over nonunital rings and defines a Morita equivalence for idempotent rings. We are spe-
cially interested in the category of firm modules, which we shall denote by R-DMod because this
category behaves well with tensor products. In the idempotent case, the firm and closed modules
are equivalent and therefore R-DMod is abelian, because the category of closed modules (which
we denote R-CMod and which will be considered in the last section of this paper) is a quotient
category of the category of unital modules for an unital ring.
In the idempotent case, there are important properties which are preserved under Morita equiv-
alences. For instance for the case R and S are firm rings (so R ⊗ R ∼= R and S ⊗ S ∼= S), the
corresponding groups K1(R) and K1(S) are isomorphic, and other types of homology, like cyclic
homology, are Morita invariant for h-unital algebras flat over a commutative unital ground ring.
Morita invariance in cyclic homology of nonunital algebras is studied in [3]. There are also ex-
amples of nonunital rings that are not idempotent but which behave quite well, for example the
case of a nonunital monomial algebra, that is, the quotient of a free nonunital k-algebra modulo
an ideal generated by a nonempty set of words over a set X. In this case, the category of firm
modules is Grothendieck (see [8]).
The class of firm flat modules is introduced in [13] as the class of firm modules M which
are flat as A-modules (taking A a unital ring in which R is a two-sided ideal). It is also proved
in [13, (9.2) Proposition] that this class is independent of the unital ring A, having R as a two-
sided ideal. Using a different technique, we will also give a proof of this fact in the last section
of this paper. Our goal in this paper is to develop a relative homological algebra in R-DMod
by using resolutions of firm flat modules. These are going to be unique up to homotopy and,
furthermore, are going to allow to define new homology groups ExtnR(M,N) and Tor
n
R(M,N)
in R-DMod which are Morita invariant with the Morita equivalences defined in [6]. They also
satisfy a generalization of the excision of K0 for nonunital rings (in the sense of [12], that is,
ExtnR and Tor
n
R depend only on the nonunital ring R). We will also see that there is a long exact
sequence of homology attached to certain short sequences of firm modules.
The main tool we will use is Quillen’s small object argument (see [11, Chapter II, Section 3,
Lemma 3]) to get that every firm module admits a minimal right approximation by a firm flat
module. Concretely, we will use a more general version which appears in [10, Section 10.5.14].
We remark that R-DMod is not Grothendieck in general (or even abelian) (cf. [9]) so this is the
reason we have to deal with the small object argument to get suitable functorial factorizations of
morphisms between firm modules.
In a further work we would like to explore the relation between the groups K0, K1 and our
new homology groups and specifically give a precise interpretation of the failure of the excision
problem of K1 by using our homology groups.
The paper is organized as follows: in Section 2 we give all the basic definitions that we shall
use throughout the paper. These include the definitions of the category of firm modules and the
class of firm flat modules, and we establish the first properties of these. We also briefly recall
the construction of a firm flat generator of R-DMod and give the definition of a firm flat precover
(also called a right firm flat approximation). Section 3 is devoted to proving some set-theoretic
ingredients that will be needed in the following sections. As a consequence of these results, we
will prove in Corollary 6 that the category of firm modules is locally κ-presentable, for a certain
regular cardinal κ (see [1] for an in-depth deep study of locally presentable categories). Section 4
is the heart of the paper. Quillen’s small object argument is stated (including all basic definitions
of I -injective, I -cofibration and relative I -cell maps, for a set of morphisms I in R-DMod) and is
applied in the category of firm modules to get that every firm module can be approximated (in the
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consequences of the previous result, that is, that we can develop a version of homological algebra
in the category of firm modules by using firm flat resolutions. Finally, in Section 6, we give the
conditions needed for the Morita invariance of the concepts we have used in this paper.
2. Preliminaries
In this section we introduce all basic notions and give the main tools we shall need in the next
sections.
Let X be a set. We denote 〈X〉 the free monoid of words over X with the product given by
juxtaposition. We will use the following notation for the words in 〈X〉 taken from [14]:
(1) 1 is the empty word.
(2) The length of a word x will be denoted λ(x).
(3) Let x be a word and n= λ(x), then x = x1x2 · · ·xn.
(4) The elements of X will be considered as words of length 1.
(5) The set of words of length n will be denoted Xn.
(6) Given two words x and y, we will say that x  y if there exists z such that xz = y.
(7) The word x will be written x when considered in the opposite monoid 〈X〉opp.
(8) In the monoid 〈X〉opp the product is given by xy = yx, xz = zx.
(9) The subset of nonempty words over X will be denoted 〈X〉0.
(10) A subset σ ⊆ 〈X〉 will be called a unitary support if it satisfies the following conditions:
(a) For any x ∈ σ , if y  x then y ∈ σ .
(b) For any x ∈ σ , the set {y ∈X: xy ∈ σ } is finite and nonempty.
The set of unitary supports over X will be denoted ΞU(X).
Let k be a commutative ring, we denote k〈X〉 (respectively k〈X〉0) the free unital (nonunital)
algebra over X. We are going to fix an ideal I ⊆ k〈X〉0 and we will denote A = k〈X〉/I and
R = k〈X〉0/I . The map π : k〈X〉 → A will be the canonical projection. We are going to consider
the nonunital ring R and sometimes the unital ring A in which R is a twosided ideal. It is clear that
any nonunital ring can be described in this way taking an appropriate X and I . This description
is not unique. Then we denote by R-DMod the full subcategory of A-Mod given by the left A-
modules M such that R⊗R M ∼=M . Such modules are called (left) firm modules. Thus DMod-R
stands for the corresponding category of (right) firm modules.
We recall from [4] that given a class F of modules in A-Mod, an F -precover (F -preenvelope)
of an A-module M is a morphism F ϕ−→ M (M ϕ−→ F ) with F ∈ F , such that Hom(F ′,F ) →
Hom(F ′,M) → 0 is exact (Hom(M,F ′) → Hom(F,F ′) → 0 is exact) for every F ′ ∈ F . If
moreover, any f : F → F such that ϕ ◦ f = ϕ (f ◦ ϕ = ϕ) is an automorphism, then ϕ is said
to be an F -cover (F -envelope). Note that if F -covers (respectively F -envelopes) exist, they are
unique up to isomorphism. So we can write “the F -cover” (respectively “the F -envelope”) with
the understanding that this uniqueness is up to isomorphisms.
We define U as the class of all R-unitary modules, that is, modules M such that RM = M
(this condition is equivalent to π(X)M = M). It is clear that firm modules are in particular
R-unitary. The class of R-unitary modules is a torsion class and any A-module has inside a
biggest R-unitary submodule that will be denoted by U(M) (the sum of their R-unitary submod-
ules).
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for almost all x ∈ X. We can repeat this operation for the elements mx and if we continue thus,
we obtain an infinite tree described in terms of elements of X in a similar way as unitary supports
are defined. In fact, in [14] a family of flat generators of R-DMod is defined by using them.
This definition is as follows: given σ ∈ΞU(X), the A-module 〈〈σ 〉〉 is defined as 〈〈σ 〉〉 = lim−→Fn
with the following structure: We denote by Fn = AXn∩σ and for any x ∈ Xn ∩ σ we denote by
[x]σ the element in Fn with 1A in the xth component and 0 elsewhere. With this notation we
define the homomorphisms
Fn → Fn+1, [x]σ →
∑
{y∈X: xy∈σ }
π(y)[yx]σ .
The element associated to [x]σ in 〈〈σ 〉〉 is denoted by 〈x〉σ . For any σ ∈ ΞU(X), the module 〈〈σ 〉〉
is in the category R-DMod [14, Proposition 8] and is a flat A-module (direct limit of projec-
tive modules). The module ∐σ∈ΞUX〈〈σ 〉〉 is the generator of the category R-DMod built in [14,
Proposition 12].
Lemma 1. Let F be a flat A-module. Then F ∈ R-DMod if and only if F ∈ U .
Proof. (⇒) This is true not only for flat A-modules but also for all M ∈ R-DMod.
(⇐) Let us consider the short exact sequence
0 → R → A→ A/R → 0.
Since F is flat, we have the short exact sequence
0 → R ⊗A F → A⊗A F → A/R ⊗A F → 0.
Since A/R ⊗A F = 0 the result easily follows. 
From now on FR-DMod will denote the class of firm flat A-modules (or equivalently the class
of flat and R-unitary A-modules). We shall denote by F⊥R-DMod the modules of the class
F⊥R-DMod =
{
C ∈A-Mod: Ext1A(F,C) = 0, ∀F ∈FR-DMod
}
.
3. The category of firm modules is locally presentable
In the first paragraph of the proof to the “Local Generation Theorem” (see [1, p. 54]) it is
proved, in particular, that if a category is locally finitely presented then it is locally finitely gen-
erated. Now in [2] a characterization is given of when R-DMod is locally finitely generated for
the case R is an idempotent ring. So we conclude that R-DMod is not in general a locally fi-
nitely presented category. In the current section we will prove that for a nonunital ring R there
exists a regular cardinal κ such that R-DMod is locally κ-presentable. We also describe some
set-theoretic properties of the class of firm flat modules which will be needed in the sequel.
All definitions and unexplained terminology in this section can be found in [1, Section 1.B].
Throughout this section, κ will denote a regular cardinal (that is, an infinite cardinal which is not
the sum of a smaller number of smaller cardinals).
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smaller than κ has an upper bound. A κ-directed system will be a functor P →A. Its colimit is
called a κ-directed colimit.
Definition 3. An object K of a category is κ-presentable if Hom(K,−) preserves κ-directed
colimits.
Definition 4. A category A is locally κ-presentable if it is cocomplete and there exists a set S
of κ-presentable objects such that every object is a κ-directed colimit of S . A category is locally
presentable if it is locally κ-presentable for some regular cardinal κ .
We will prove that R-DMod is a locally presentable category. We start with the following
Proposition.
Proposition 5. Let M ∈ R-DMod. Let us fix a regular cardinal ℵ> {|A|, |X|,ℵ0}. Then for every
y ∈ M there exits a pure submodule S of M with |S| < ℵ, y ∈ S and such that S, M/S ∈ R-DMod.
Proof. We recall that a submodule S  M is said to be pure if and only if the existence of
solutions of the system
∑
aij xi = nj , nj ∈ S, aij ∈ A, 1 i  k, 1  j  h in F , implies that
the system has solution in S (see for example [15, Chapter 1, Proposition 11.2]).
By [14, Proposition 9] there exists σ ∈ ΞU(X) and a morphism h : 〈〈σ 〉〉 → M such that
h(〈1〉σ ) = y. We define S0 = Im(〈〈σ 〉〉). It is clear that S0 is R-unitary module (so RS0 = S0).
Let Y be the set of all linear systems of h equations with k unknowns
∑
aij xi = nj , with nj ∈ S0.
Then it is easy to notice that |Y | < ℵh(k+1) = ℵ, so if Z is the set of all linear systems∑aij xi =
nj , with nj ∈ S0, it follows that |Z| <∑k∈N
∑
h∈N ℵ = ℵ0 · ℵ0 · ℵ = ℵ. Now, for a given linear
system L ≡∑aij xi = nj , with nj ∈ S0, we take one solution in M , namely y1, y2, . . . , yk . Again
by using [14, Proposition 9] there will exist σ1, . . . , σk ∈ ΞU(X) and morphisms hi : 〈〈σi〉〉 → F ,
such that hi(〈1〉σ ) = yi , i = 1,2, . . . , k. Let gL :⊕ki=1〈〈σi〉〉 → F be the induced morphism.
Then |Im(gL)| < ℵ. Now we repeat this procedure for each system, so we define then S1 =
S0 +∑L∈Z Im(gL). The module S1 is R-unitary (because the sum of R-unitary modules is again
R-unitary). From the previous comments it is clear that |S1| < ℵ + ℵ · ℵ = ℵ. Continuing in this
manner we see that we can construct by induction a continuous chain
S0 ⊆ S1 ⊆ · · · ⊆ Sn ⊆ · · ·
of R-unitary submodules of M , such that, |Sn| < ℵ, ∀n ∈ N. Let S =∑n∈N Sn. It is clear that|S| < ℵ0 · ℵ = ℵ, that y ∈ S and that S is an R-unitary module. On the other hand let ∑aij xi =
nj , with nj ∈ S and such that has a solution in F . Then there will exist a certain l ∈ N such
that all nj are in Sl , then because of the definition of the submodules Sn, the system will have a
solution in Sl+1, hence it will have a solution in S, so S is a pure submodule of M . Thus we get a
monomorphism 0 → R⊗A S →R⊗A M . Now, since M is firm, R⊗A M ∼=M so the R-unitary
module S is actually a firm module. 
As a consequence of the previous proposition we get what we claimed.
Corollary 6. The category of firm modules is locally presentable.
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that colimits in R-DMod are computed in A-Mod.
Let S be a set of representatives of pure and firm modules S such that |S| < ℵ. Then it is
straightforward to check that every S ∈ S is ℵ-presentable. Now let us consider a firm module M .
Then, by Proposition 5, for every element x ∈ M there exists a pure and firm Sx ⊆ M . We
can assume that Sx ∈ S . Let us consider the subset W of S given by such Sx ⊆ M , that is
W = {Sx ∈ S: x ∈ M}. Then it is clear that (W,⊆) is κ-directed, where κ  max{ℵ, |S|} and
that M =∑T ∈W T . Since S is ℵ-presentable, ∀S ∈ S and κ  ℵ, every S ∈ S is κ-presentable
and from the previous argument each firm module is a κ-directed colimit of κ-presentable firm
modules. Therefore, the category R-DMod is locally κ-presentable. 
As a consequence, we get the following known fact from the category R-DMod, which was
previously proved with different techniques in [14, Proposition 14].
Corollary 7. The category R-DMod is complete.
Proof. From the previous, R-DMod is locally presentable, and every locally presentable category
is complete by [1, 1.28 Corollary]. 
Corollary 8. Let F ∈ FR-DMod and ℵ be a regular cardinal such that ℵ > {|A|, |X|,ℵ0}. There
exists an ordinal number λ and a continuous chain of modules in FR-DMod, {Sα: α < λ}, such
that:
• F =⋃α<λ Sα ,• Sα+1/Sα ∈FR-DMod, and
• |S0|, |Sα+1/Sα| < ℵ.
Proof. First we note that if we apply Proposition 5 to a firm flat module F , the pure and firm
submodule S ⊆ F given in that proposition is such that S and F/S are firm flat (see for example
[15, Proposition 11.1]). Let us take x ∈ F then by Proposition 5 there exists a pure S0 with
x ∈ S0 ⊆ F and |S0| < ℵ. Now we consider F/S0 ∈ FR-DMod and apply Proposition 5 again to
obtain S1/S0 ⊆ F/S0 with F/S1 ∈FR-DMod. Now we proceed by transfinite induction, so we get
Sα+1/Sα ⊆ F/Sα , for α a successor ordinal with the conditions of Proposition 5 and for a limit
ordinal γ we define Sγ =⋃α<γ Sα . Then there will exist an ordinal λ such that F =
⋃
α<λ Sα ,
with Sα ∈FR-DMod and |S0|, |Sα+1/Sα|< ℵ. 
4. Quillen’s small object argument
This section is devoted to proving that every A-module has an FR-DMod-cover. We shall use
Quillen’s small argument (see [11, Lemma II.3.3]) but in a more general formulation (that is for
a cocomplete category) which appears in [10, Proposition 10.5.16].
Let us give the basic definitions we need in the sequel. All of these can be found in [10,
Sections 10.4 and 10.5].
Definition 9. Let i :A→ B and p :X → Y maps.
i (respectively p) is said to have the left (respectively right) lifting property with respect to p
(respectively i), if for each commutative diagram
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i
f
X
p
B
g
Y
there is a lift h : B → X with hi = f and ph = g. The pair (i,p) is called a lifting-extension
pair.
Definition 10. Let A be a category and let I be a set of maps in A.
• A map is I -injective if it has the right lifting property with respect to every element of I . We
shall denote by I -inj the class of all I -injective maps.
• A map is an I -cofibration if it has left lifting property with respect to every I -injective. We
let I -cof denote the class of all I -cofibrations.
Definition 11. Let A be a cocomplete category. A map f : A → B is a relative I -cell complex,
if there exists a well ordered inductive system (Xα)α<λ such that:
(i) X0 = A, B = lim−→α<λ Xα .
(ii) For each β < λ with β + 1 < λ there exists a pushout
Cβ
gβ
Xβ
Dβ Xβ+1
with gβ ∈ I .
We denote by I -cell the class of all relative I -cell complexes.
Theorem 12 (The small object argument). Suppose C is a cocomplete category and I is a set
of maps in C. Suppose the domains of the maps of I are small relative to I -cell. Then there
is a functorial factorization of every map in C into a relative I -cell complex followed by an
I -injective.
With respect to the hypothesis of the previous theorem, it is known that every A-module is
small, that is, given an A-module M there exists a regular cardinal κM such that HomA(M,−)
commutes with λ-directed colimits of systems (Mα,fβα)α<λ where λ is any ordinal with
cof(λ) > κM (here cof(λ) denotes the cofinality of λ). We can take κM = |M|(|M| + |A|). So
the hypothesis about the smallness of domains of maps in I is actually satisfied for all mod-
ule M .
Lemma 13. Let ℵ be the cardinal chosen in Proposition 5 and I a set of representatives of
injections N → M in A-Mod with |M| < ℵ and such that M/N ∈ FR-DMod. If T → L is an
injection such that |L/T | < ℵ and L/T ∈FR-DMod then (T → L) ∈ I -cof.
Proof. Since |L/T | < ℵ there exists an A-submodule L ⊆ L such that |L| < ℵ and such that
L→ L→ L/T is an epimorphism. So if we call T = T ∩L, we get that the injection T → L is
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T V
f
L W
where f is in I -inj. Since T → L is in I there exists h : L → V such that the following square
T V
f
T
L
h
L W
is commutative. Since L = T +L, from the morphisms T → V and L → V we get a morphism
h : L→ V making the diagram
T V
f
T
L
h
L
h
W
commutative. 
Lemma 14. With the same hypothesis of Lemma 13, if T → L is an injection and such that
L/T ∈FR-DMod then (T → L) ∈ I -cof.
Proof. From Corollary 8 we can find an ordinal number λ and a continuous chain of firm sub-
modules of L such that L=⋃α<λ Lα with Lα ⊆ Lα′ whenever α  α′ < λ, and Lβ =
⋃
α<β Lα
if β < λ is a limit ordinal, where L0 = T and where |Lα+1/Lα| < ℵ if α + 1 < λ. Then since
FR-DMod is closed under extensions it follows that Lα/T ∈ FR-DMod for every α < λ. Then
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that (T → Lα) ∈ I -cof for every α < λ and finally (T →⋃α<λ Lα = L) ∈ I -cof. 
Now we prove our main result.
Theorem 15. Every A-module has an F⊥R-DMod-envelope and an FR-DMod-cover.
Proof. Let I be as in Lemma 13 and let M be any A-module. Let us apply Theorem 12 to the
morphism M → 0. Then there will exist a factorization of M → 0 into M f→ C g→ 0 where f is
in I -cell and g is I -inj. First it is clear from the definition of the class I -cell that f is an injection
and that C/M ∈FR-DMod. Let us see that C ∈F⊥R-DMod. So let us consider a short exact sequence
in A-Mod 0 → C → L → F → 0 where F is firm flat. We have to see that this sequence splits.
By Lemma 14 C → L is in I -cof so, since g ∈ I -inj, we have that the following square
C C
g
L 0
is commutative, that is, the short exact sequence
0 → C → L→ F → 0
splits. Now if C′ ∈F⊥R-DMod we have the long exact sequence of homology in A-Mod:
HomA(C,C′)→ HomA(M,C′)→ Ext1A(C/M,C′)→ ·· · .
But Ext1A(C/M,C
′) = 0 so M → C is an F⊥R-DMod-preenvelope, in fact it is a special F⊥R-DMod-
preenvelope. But then from [16, Theorems 2.2.2 and 2.2.6 ] we get that M has an F⊥R-DMod-
envelope. Let us see that M has an FR-DMod-cover. Notice that M has an FR-DMod-cover if and
only if the submodule M ′ ⊆M obtained from the sum of all images of morphisms F →M with
F ∈FR-DMod does have an FR-DMod-cover. Now for M ′, and since FR-DMod is closed under direct
sums, there exists a short exact sequence in A-Mod,
0 → K →G →M ′ → 0,
where G is a firm and flat A-module. From the previous argument there exists a short exact
sequence of A-modules
0 →K → C → F → 0
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diagram
0 0
0 K G M ′ 0
0 C P M ′ 0
F F
0 0
with exact rows and columns, so we get a short exact sequence
0 → C → P → M ′ → 0
with C ∈ F⊥R-DMod and P ∈ FR-DMod. Let us see that P → M ′ → 0 is an FR-DMod-precover. For
F ′ ∈FR-DMod there exists a long exact sequence
HomA(F ′,P )→ HomA(F ′,M ′)→ Ext1A(F ′,C)→ ·· · .
But Ext1A(F
′,C) = 0. Actually this shows that P → M ′ → 0 is a special FR-DMod-precover of
M ′ and again from [16, Theorem 2.2.8] we get that M ′ has an FR-DMod-cover. But then M has
an FR-DMod-cover (notice that it is not going to be surjective in general). 
Definition 16. Let M be any A-module. An FR-DMod-cover of M will be called a firm flat cover
of M .
Corollary 17. Let M be any R-unitary module (respectively firm module). Then M has a surjec-
tive flat and R-unitary cover (respectively a surjective firm flat cover).
Proof. Let ϕ : F → M be an FR-DMod-cover of M . From [14, Proposition 12] there exists an
epimorphism G ψ−→ M → 0, where G is a firm flat A-module (so G ∈FR-DMod). Then there will
exist f :G → F such that ϕ ◦ f =ψ . This implies that ϕ is surjective. 
5. Derived functors in R-DMod using firm flat resolutions
In this section we will apply the existence of firm flat covers in R-DMod to develop a version
of relative homological algebra in the category of firm modules. Concretely, we will compute
extension and torsion functors in R-DMod by using firm flat resolutions. First we will prove in
Proposition 20 that for any firm module M we may construct a resolution of firm flat modules
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R-DMod to get functors TornR and Ext
n
R . We will prove that Ext
0
R and Tor
0
R are naturally isomor-
phic to HomR and ⊗R and that there exist long exact sequences of homology attached to certain
short sequences of firm modules.
We start with the definition of an F -resolution of a module M .
Definition 18. Let M be an A-module and F a class of modules in A-Mod. A resolution of M is
a complex
· · · → Fn → Fn−1 → ·· · → F1 → F0 →M → 0
where each Fi ∈ F , ∀i ∈ N, and such that it becomes exact when we apply the functor
HomA(F,−), for any F ∈F . The F -resolution is said to be a minimal F -resolution if the mod-
ules Fi+1 can be chosen to be the F -covers of ker(Fi → Fi−1), ∀i  0 (where F−1 = M and
F0 → M is an F -cover). Minimal F -resolutions are thus unique up to isomorphism.
Our purpose will be to construct for any firm module M a resolution with respect to the
class FR-DMod. This is Proposition 20. We start with the following lemma, for which we need to
introduce the functor D :A-Mod → R-DMod defined in [14, Section 7]. Concretely, we will need
the following two properties of that functor:
(1) for all R-module M the kernel of the map νN : D(N)→N is a vanishing module (so it does
not contain any R-unitary module in it).
(2) Let N ∈ R-DMod and K ∈ A-Mod. For all f : N → K there exists a unique f : N → D(K)
such that νK ◦ f = f .
Now we can prove an important consequence relating FR-DMod-covers of K and D(K), for any
A-module K .
Lemma 19. Let K be any A-module. If ϕ : F → D(K) is the FR-DMod-cover of D(K) then
νK ◦ ϕ : F →K is the FR-DMod-cover of K .
Proof. Let us see that νK ◦ ϕ is an FR-DMod-precover of K . So let us consider a morphism φ :
F ′ →K with F ′ ∈ R-DMod. From condition (2) above there exists a unique φ : F ′ → D(K) with
νK ◦ φ = φ. Now, since ϕ : F → D(K) is an FR-DMod-cover, there exists g : F ′ → F such that
ϕ ◦g = φ, that is (νK ◦ϕ)◦g = φ, so νK ◦ϕ is anFR-DMod-precover of K . To see that it is actually
the FR-DMod-cover (of course up to isomorphism) let us suppose that (νK ◦ ϕ) ◦ h = νK ◦ ϕ for
an endomorphism h : F → F . Then the image of ϕ ◦h−ϕ is contained in ker(νK). But from the
property (1) of the functor D, the kernel ker(νK) is a vanishing module and since F ∈ U , we get
ϕ ◦ h= ϕ. Now since ϕ is an FR-DMod-cover, we conclude that h is an automorphism. 
Now we can prove the existence of FR-DMod-resolutions in R-DMod.
Proposition 20. Let M be any firm module. Then M has a minimal FR-DMod-resolution.
Proof. From Corollary 17, let ϕ0 : F0 → M → 0 be the FR-DMod-cover of M . Then from [14,
Proposition 10] K0 = ker(ϕ0) ∈ U . Now, again from Corollary 17, let us consider the firm flat
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F1 is actually the firm flat cover of D(K0). Now let K1 = ker(ϕ1) and let us take the firm flat
cover of K1, ϕ2 : F2 → K1 (which is not going to be surjective in general) and repeat the previous
procedure. So this gives a resolution of firm flat modules, which is a complex
· · · → Fn → Fn−1 → ·· · → F1 → F0 → M → 0
which is HomR(F,−) exact, for all firm flat module F . The resolution is minimal because it has
been constructed using firm flat covers. 
We shall denote the previous minimal FR-DMod-resolution of a firm module M by F•. Thus
FM• stands for the corresponding deleted complex. Let F′• = · · · → F ′1 → F ′0 → M → 0 be
another complex such that HomR(F,F′•) is exact ∀F ∈ FR-DMod. Then any two collections of
morphisms Fi → F ′i give homotopic morphisms between the deleted complexes FM• and F′M• .
So we get that minimal FR-DMod-resolutions are unique up to homotopy. This fact allows us to
define derived functors in R-DMod.
Definition 21. Let M,N ∈ R-DMod. For n ∈ N, we define ExtnR to be the nth cohomology functor
of HomR by using the resolution F• of M , that is, ExtnR(M,N)∼=Hn(HomR(FM• ,N)), ∀n ∈ N.
Definition 22. Let M ∈ DMod-R and N ∈ R-DMod. For n ∈ N, we define TornR to be the nth
homology functor of ⊗R by using the resolution F• of M , that is, TornR(M,N) ∼= Hn((FM• ⊗R
N)), ∀n ∈ N.
The most important property satisfied by the new homology groups just defined is that they
are preserved under the type of Morita equivalences considered in Section 6.
Theorem 23. Extn and Torn are Morita invariant for nonunital rings. That is, a Morita equiva-
lence (T ,Q) : R-DMod S-DMod, with R,S nonunital rings gives rise to a canonical isomor-
phism ExtnR(M,N)∼= ExtnS(T (M),T (N)) and
TornR(M,N)∼= TornS
(
T (M),T (N)
)
.
Proof. This follows from the fact that FR-DMod-resolutions are preserved under Morita equiva-
lences (see Theorem 28). 
Lemma 24. Let M,N ∈ R-DMod and M ′ ∈ DMod-R. Then Ext0R(M,N) ∼= HomR(M,N) and
Tor0R(M
′,N)∼=M ′ ⊗R N .
Proof. From the proof of Proposition 20, the resolution of M (respectively M ′)
F• = · · · → F2 → F1 → F0 →M → 0
is such that there are short exact sequences 0 → K0 → F0 → M → 0, and 0 → K1 → F1 →
K0 → 0 where F0 → M → 0 and F1 → K0 → 0 are the firm flat covers of M and K0 respec-
tively. Then the usual procedure to compute the right derived functor of HomR (respectively
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Ext0R(M,N) ∼= HomR(M,N) (respectively Tor0R(M ′,N)∼=M ′ ⊗R N ). 
From [5, Lemma 8.2.1] there is a version of Horseshoe lemma in this situation and then the
following result
Theorem 25. (See [5, Theorem 8.2.3].) Let 0 → M1 → M2 → M3 → 0 be a short complex
in R-DMod (respectively in DMod-R) such that HomR(F,−) remains it exact for every F ∈
FR-DMod (respectively F ∈FDMod-R). Then for all N ∈ R-DMod there exist long exact sequences
0 → HomR(M3,N)→ HomR(M2,N)→ HomR(M1,N)→ Ext1R(M3,N)→ Ext1R(M2,N)
→ Ext1R(M1,N)→ ·· · → Extn−1R (M3,N)→ Extn−1R (M2,N)
→ Extn−1R (M1,N)→ ExtnR(M3,N)→ ExtnR(M2,N)→ ExtnR(M1,N)→ ·· ·
and
· · · → Torn+1R (M1,N)→ Torn+1R (M2,N)→ Torn+1R (M3,N)
→ TornR(M1,N)→ TornR(M2,N)→ TornR(M3,N)→ ·· · → Tor1R(M1,N)
→ Tor1R(M2,N)→ Tor1R(M3,N)→M1 ⊗R N →M2 ⊗R N → M3 ⊗R N → 0.
Remark 26. It would be interesting to study if it is possible to impose a Quillen’s model struc-
ture on the category of unbounded complexes of firm modules having the FR-DMod-resolutions
and F⊥R-DMod-coresolutions as the cofibrant and fibrant replacements of the firm modules. It also
would be desirable that this model structure were compatible with the closed monoidal structure
of R-DMod inherited by the tensor product.
6. Morita invariance
A Morita theory is developed in [6] for nonunital rings in the case where the equivalence is
given by a tensor functor. It is also proved there that equivalences between categories of firm
modules are always tensor functors for many kinds of rings and it is an open question if this is
true for any ring. The rings that satisfy this condition for the categories of left firm modules are
the left watts rings. There is a technical property that should be satisfied by a right continuous
functor F : R-DMod → S-DMod to be a tensor functor. It is that for any unitary support τ , the
canonical homomorphism
lim←−
σ∈ΞU(X)
F
(〈〈σ 〉〉)→ F (〈〈τ 〉〉)
is an epimorphism (this can be seen in [7, Theorem 35]). The two main families of left watts
rings are the idempotent rings (rings R such that R2 = R) and also the rings R = k〈X〉0/I with
X finite and with no restriction over the relations.
A particular kind of equivalences given by tensor functors are the following: Let B be a unital
ring such that R is a two sided ideal on it, then we can define α : A→ B given by α(k1A)= k1B
and such that the elements on R are preserved by α. Then we can consider the full subcategories
S. Estrada et al. / Journal of Algebra 319 (2008) 2518–2532 2531R-DMod (modules M such that R ⊗A M → M is an isomorphism inside A-Mod) and R-DMod′
(modules M such that R⊗B M → M is an isomorphism inside B-Mod). They are equivalent with
the functors B ⊗A − : R-DMod → R-DMod′ and A⊗B − :R-DMod′ →R-DMod. Therefore this
special kind of Morita equivalences is always induced by a tensor functor and with the following
arguments we prove that flatness, flat covers and homology groups do not depend on the ring
with identity in which R is considered as an ideal.
Using [6, Theorem 17] and [6, Corollary 18] we are going to make a description of the cate-
gory equivalences for nonunital rings.
In order to do so, we need to use another category that shares many dual properties with the
category of firm modules, the so-called category of closed modules. A right A-module is said
to be closed if the canonical homomorphism λM : M → HomA(R,M) with λM(m)(r) = mr
for all m ∈ M and all r ∈ R, is an isomorphism. This category is isomorphic to the quotient
category of Mod-A with respect to the class of modules eventually annihilated by R (a proof
of this known fact can be seen for example in [14, Proposition 5]). A module T is said to be
eventually annihilated by R if for all t ∈ T and any sequence (ri : i ∈ N) in RN there exists n0 ∈ N
such that tr1r2 · · · rn0 = 0. The localization functor will be denoted C : Mod-A → CMod-R.
Using [6, Theorem 17] and [6, Corollary 18] we know that the following conditions are equiv-
alent for left watts rings:
(1) The categories CMod-R and CMod-S are equivalent.
(2) The categories R-DMod and S-DMod are equivalent.
(3) There exists bimodules RPS , SQR and a Morita context with bimodule homomorphisms
ϕ : P ⊗S Q → C(R) and ψ : Q ⊗R P → C(S) such that ker(ϕ), coker(ϕ) are eventually
annihilated by R on the right and ker(ψ) and coker(ψ) are eventually annihilated by S on
the right. If this is the case, the equivalences in (2) are P ⊗S − : S-DMod → R-DMod and
Q ⊗R − : R-DMod → S-DMod and the equivalences in (1) are HomR(P,−) : CMod-R →
CMod-S and HomS(Q,−) : CMod-S → CMod-R.
(If we are not sure that R and S are left watts rings, we only need to guarantee that the
equivalence given in (2) is given by a tensor functor.)
We will say that R and S are Morita equivalent if the previous conditions are satisfied.
Proposition 27. Let R and S be Morita equivalent. Then a module M ∈ R-DMod is flat if and
only if Q⊗R M is flat in S-DMod.
Proof. We have defined M ∈ R-DMod to be flat, if it is flat considered in the category A-Mod.
This condition is equivalent to M+ = HomZ(M,Q/Z) be injective in Mod-A. The module M+
is in R-CMod (see [6, p. 5839]) and bearing in mind that the localization functor is exact, M+ is
injective in R-CMod if and only if it is injective in A-Mod.
Injectivity is a categorical property that it is transferred by equivalences, therefore M+ is
injective in R-CMod if and only if HomS(Q,M+) is injective in S-CMod.
HomS
(
Q,HomZ(M,Q/Z)
)= HomZ(Q⊗R M,Q/Z)
then HomS(Q,M+)= (Q⊗RM)+ and this module is injective in S-CMod if and only if Q⊗RM
is flat in S-DMod. 
2532 S. Estrada et al. / Journal of Algebra 319 (2008) 2518–2532Theorem 28. Flat precovers and flat covers in the category of firm modules are transferred by
Morita equivalences.
Proof. Let M ∈ R-DMod and ϕ : F → M a firm flat precover. We are going to prove that Q⊗R
F → Q ⊗R M is a firm flat precover. Using the previous result we know that Q ⊗R F is a flat
module. Let ψ : F ′ → Q ⊗R M be a homomorphism in S-DMod with F ′ a flat module. The
module P ⊗S F ′ is flat in R-DMod and then we have a homomorphism in R-DMod,
P ⊗S F ′ P⊗Sψ−−−−→ P ⊗S Q⊗R M α−→ M
with α induced by the equivalence. Using the fact that ϕ : F → M is a flat cover, we can find
a homomorphism in R-DMod f : P ⊗S F ′ → F such that ϕ ◦ f = α ◦ (P ⊗S ψ), but then we
apply again the functor Q⊗R − and we get
F ′ → Q⊗R P ⊗S F ′ Q⊗Rf−−−−→Q⊗R F
which proves that Q⊗R F →Q⊗R M is a precover.
The proof of its being a cover is straightforward because automorphisms are preserved and
reflected by equivalences. 
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